ABSTRACT. In this paper we control the first moment of the initial approximations and obtain the order of convergence and the asymptotic profile of a general solution by two explicit "canonical" approximations: a diffusive N-wave and a diffusion wave solution. The order of convergence of both approximations is
INTRODUCTION
The main purpose of this paper is to understand the behavior of sign-changing solutions to the Cauchy problem of the viscous Burgers equation (1.1) u t + uu x = µu xx , x ∈ R, t > 0, u(x, 0) = u 0 (x),
where µ > 0 is the viscosity constant (or diffusion rate), and, the initial value u 0 is continuous with a compact support and changes sign. , − 2pt < x < 2qt, 0, otherwise, with the invariant positive and negative masses. For the viscous problem (1.1), these quantities are not constant anymore. Moreover, it is well known that, for each fixed time t > 0, as µ → 0 the solution of (1.1) tends to that of (1.2). On the other hand, E. Hopf [8] showed in 1950 that, for µ > 0 fixed, as t → ∞ the solution of (1.1) must converge to the well known diffusion wave of mass M = −p + q, which is actually the source solution of (1.1) with initial value Mδ(x), a weighted Dirac-measure. Roughly speaking, the solution of (1.1) quickly evolves into a pattern of several N-waves. Then, after a series of interactions among these N-waves, a single N-wave emerge8s. This single N-wave lasts for a long time and eventually the positive and negative parts of this single N-wave merge into a single hump. In [11] , the metastability of single N-waves for (1.1) was studied and the transition from an approximate N-wave to the final stage of a diffusion wave was made explicit.
In the study of the asymptotic behavior of conservation laws a number of techniques have been developed. We refer to [3] , [4] , and [16] for inviscid problems, [6] , [7] , and [17] for the convection-diffusion equations, and [5] , [12] , and [13] for systems. Diffusion waves and diffusive N-waves for the equal positive and negative masses are introduced in Whitham [20] , and the technique is generalized to construct diffusive N-waves with unequal positive and negative masses in Kim and Tzavaras [11] .
Observe that −p(t) + q(t) = u 0 (x) dx ≡ M and that, after a translation of the initial value in x-direction, it is convenient to assume that without loss of generality. The optimal decay rate and the convergence to Nwaves for the inviscid problems are well studied for more general equations and systems including u t + f (u) x = 0 (see [5] , [13] ). Liu and Pierre [16] show the Thus, if L 1 -norm is considered, (1.6) gives the convergence, but not the convergence order. Dafermos [4, Chapter XI] proves the pointwise convergence for strictly convex flux f (u) The optimal convergence rate in L 1 -norm has been considered recently by Kim [10] , and, for the Burgers case, it reads Moreover, under further minor conditions for the initial profile u 0 (x), it actually holds that
It would seem interesting to compare the convergence results under the presence of the viscosity, which gives extra regularity to the problem. In this paper, we shall study the evolution of the solutions to (1.1) more closely by finding explicit "approximate solutions", or, "canonical solutions". In particular, our result yields the profile of the solution to (1.1).
To describe our main result, we first set (1.10)
and α, β, γ being points in R such that
are positive functions, such points α and β always exist and are unique. On the other hand, such a point γ may not exist and we shall only consider the case where it does exist. For example, if M = 0, such a γ exists. It will be proved in Section 3 below that there exists a time T ≥ 0 such that the quantities
are uniformly bounded below by a positive constant for all t > T . Hence,ũ(x, t) and u * (x, t) are well-defined by (1.11) for t ≥ T . Our main result is the existence of the constants C 1 , C 2 > 0 and a time T > 0 depending on µ, u 0 and 1 ≤ r ≤ ∞, such that (1.14)
for all t > T . The detailed statement and its proof are given in Theorem 3.3.
It is well known that the solution u(x, t) decays at the rate t −1/2 for t large. (See e.g. [11] .) Thus, intuitively speaking, the above result gives good approximations for the solution u of (1.1) with general initial data u 0 by the explicit "canonical solutions"ũ and u * defined in (1.11) . Observe that u * has the Nwave like structure and it plays the role as a diffusive N-wave.
The other canonical solutionũ(x, t), which has the structure of a diffusion wave, can be considered as a solution of the Burgers equation with initial value Mδ(x − γ). If M > 0,ũ(x, t) is a strictly positive solution and, hence, it does not represent the typical behavior of N-waves. So, it seems surprising thatũ(x, t) approximate the solution with the same convergence order O(t (1/(2r )−3/2) ). However, we remark that the effectiveness of these two approximationsũ, u * is reflected in the size of the two constants C 1 and C 2 . For the asymptotic strutures of general systems of conservation laws with viscosity we refer readers to [1, 2, 14, 15, 18] .
The convergence order achieved in (1.14) is higher than that of (1.6). If L 1 norm is considered, i.e., p = 1, the convergence order for the viscosity problem is higher than the optimal one for the inviscid problem with general initial value, (1.8) . This convergence order is achieved for the inviscid problem as in (1.9) only with extra conditions imposed on the initial value.
The technique we are introducing in this article can be applied to obtain a higher convergence order. If the error of the initial approximation has zero moments up to n-th order, then the solution of the heat equation converges with In Section 4, we consider the sensitivity of the Cole-Hopf transformation via the quantities p, q in (1.5) and show how the initial value u 0 is related to the constants α, β, a, b in (1.12) and (1.13). This property of the transformation reflects the metastability phenomenon of the Burgers equation. In the last section, Section 5, we present numerical examples. First we compare approximations byũ(x, t) and u * (x, t) and measure the effectiveness of u * versus that ofũ via the comparison betweenφ and ϕ * , their counterparts in the heat equation. The sensitivity of the Cole-Hopf transformation is then illustrated in Figure 5 .2:small changes in the initial value may cause huge differences in the Cole-Hopf transformation.
THE HEAT EQUATION
We first formulate and study two kinds of "canonical solutions" to the following initial value problem for the usual heat equation (2.1)
where, for simplicity, ψ 0 is assumed to be continuous and to have a compact support ⊂ [−R, R] with finite total mass ψ 0 (x) dx = c. Note that we have reserved M for the total mass of solutions to the Burgers equation and we let 'c' denote the total mass of solutions to the heat equation. Throughout this entire section, we will only deal with the unique solution of (2.1) which is bounded near
Letting K(x, y, t) denote the fundamental solution of the heat equation, we have the following explicit representation of the solution ψ 
Consider the similarity variables
for any x ∈ R and, hence,
−ξ 2 , we may write
where f * g t is the convolution between two functions. Clearly g t (ξ) dξ = 1, and standard arguments imply that f * g t r → f r as t → ∞. Hence, (2.3)
The first derivative of ζ(x, t),
can be similarly estimated. The results can also be written in a slightly different version, as follows. 
Such a point exists uniquely if the total mass of ψ 0 is not zero, i.e., c = 0. In general it is possible that γ ∉ [−R, R]. Therefore we set
If the initial value has zero total mass, then either there is no center of mass or every point is a center of mass. In the following discussion we assume γ ∈ R is a center of mass for the given initial value ψ 0 .
The first kind of canonical solution of the original problem (2.1) is given by
That is,ψ is the solution of the heat equation (2.1) with initial valueψ(x, 0) = cδ γ , where δ γ denote the Dirac measure at x = γ. The solutionψ is sometimes referred to as a "canonical solution" for (2.1) if ψ 0 has finite total mass c with γ as its center of mass. We are interested in comparing the asymptotic behaviors of ψ andψ as t → ∞, noting that the behavior ofψ(x, t) is rather explicit.
To this end, we first letρ(x, t) denote the solution of the heat equation (2.1) with initial value
where
We may easily check that suppρ 0 ⊂ [R 1 , R 2 ]. Next, we letζ(x, t) be the solution of the heat equation (2.1) with initial value
Then it is not hard to see that suppζ 0 
in view of (2.8). On the other hand,ζ x =ρ,ζ xx =ρ x , and, by (2.10),
where (2.13)
Thus, for t > 0,
Now we compare the solution ψ of the problem (2.1) and our first canonical solutionψ(x, t). Theorem 2.3. Let ψ(x, t) be the solution of (2.1) with continuous and compactly supported initial value ψ 0 . Suppose that there exists a point γ ∈ R satisfying (2.8) andψ,ζ 0 , Ψ ,Ψ are given by (2.9), (2.11), and (2.13). Then, for each
with C r given by (2.4), and there exists C > 0, depending on ψ 0 and r , such that
Proof. Letζ(x, t) be the solution of the heat equation (2.1) with its initial valueζ 0 . We have seen thatζ 0 has a compact support, 
and denote by α, β, respectively, the unique points such that
In this case, since ψ ± 0 (x) are positive functions, α and β do exist and are unique.
The second kind of canonical solution is defined by 
We remark that the method used in establishing Theorem 2.3 and Theorem 2.4 also yields the following result, which may be of independent interest. Theorem 2.5. Let ψ(x, t) be the solution of (2.1) with continuous and compactly supported initial value ψ 0 . Suppose that
for some integer n ≥ 0; then, for each 1 ≤ r ≤ ∞, there exists a constant C > 0 depending on ψ 0 and r , such that
for all t > 0.
Finally, to conclude this section we consider the following heat equation with constant diffusion µ > 0:
A simple change of variables ψ(x, s) = ϕ(x, t), where s = µt, implies that ψ s = ϕ t t s = (1/µ)ϕ t = ϕ xx = ψ xx , i.e., ψ is a solution of (2.1). So the asymptotic behavior of the solutions of (2.24) corresponding to Theorems 2.3 and 2.4 can be easily derived by replacing t with µt.
First, decompose the initial value ϕ 0 and write (2.25)
where ϕ
and denote γ, α, β, respectively, the unique points such that
(Again, α and β are guaranteed to exist, while γ is only assumed to exist.) The canonical solutions for the problem (2.24) and their integrals are defined as
andζ(x, t), ζ * (x, t) be, respectively, the solutions of the problem (2.24) with initial valueζ 0 , ζ * 0 . Then, we can similarly show that supp ζ *
and that ζ * 
and there exists C > 0, depending on ϕ 0 , µ, and r , such that
It is clear from (2.30) that, to measure the effectiveness of the canonical solution ϕ * versus that ofφ, we need to compare the total masses ofζ 0 and ζ * 0 . In the following example we consider the initial value (2.33)
otherwise.
We first remark that, although we have only considered continuous initial value so far, the discontinuity of ϕ 0 in ( 
24
, and, hence, the ratio of the coefficients is (2.34)
If B = 0, these two canonical solutions are identical, and the ratio becomes 1 as expected. We can also clearly see that, as B → A, the ratio diverges to ∞. Hence, we may conclude that the approximation by ϕ * is more effective if the negative and positive masses have similar sizes.
REDUCTION TO THE HEAT EQUATION
It is well known that the viscous Burgers equation can be transformed to the heat equation by the Cole-Hopf transformation. Setting (3.1)
where U, U 0 are given by (1.10), we have (3.2)
Simple computation shows
Note that ϕ(x, t) ≡ Φ x (x, t) also satisfies the heat equation (3.4)
Now, from Theorem 2.6, we know that ϕ(x, t) may be approximated by
where (3.6)
and γ, α, β, respectively, are the unique points such that
(Again, α, β always exist, and γ is assumed to exist.) This, in turn, implies that u(x, t) may be approximated by 
Proof. Since
we clearly have (3.11).
Ë
Since c + 1 > 0,Φ(x, t) + 1 is bounded below by a positive constant. Note that the quantity a−b +1 depends only on the total mass M of the initial value u 0 (x), and (3.12)
Finally we consider the lower bound of Φ * (x, t) + 1. In general, Φ * (x, t) + 1 simply does not have a positive lower bound for all x ∈ R n and for all t ≥ 0. Nevertheless, the following holds and is sufficient for our purposes. Proof. After a translation of the initial value in x-direction, we may assume β = −α without loss of generality. Using the similarity variables,
[ae
First, suppose that α < 0 (or α < β). Then it is clear that
so (3.13) holds with T = 0. Next, suppose that α > 0 (or β < α). Then, a simple computation shows
Using the similarity variable, we get
It is clear that
Applying the Lebesgue Dominated Convergence Theorem, we obtain (ii) Suppose further that M = 0. Thenũ(x, t) is well defined, and there exists
Proof. The existence of such a time T ≥ 0 has been established in Lemma 3.2. The difference between u(x, t) and u * (x, t) is estimated by
From (3.10) and Lemma 3.2, it follows that the terms above can be bounded by a constant multiple of t −3/2 in view of Theorem 2.6 and the fact that (3.17)
for t large, where the constant involved here depends on µ and the initial value u 0 . Thus, for t large,
uniformly in x ∈ R. So (3.14) holds for r = ∞. Fix 1 ≤ r < ∞. Then we have
,
. From (3.17) and Theorem 2.6, (3.14) follows for 1 ≤ r < ∞, so (i) is complete. Part (ii) can be proved similarly. On the other hand, the Burgers equation in (1.1) is not. Nevertheless, the Burgers equation can be transformed to the heat equation by the Cole-Hopf transformation. Therefore it seems natural to expect that the transformation be sensitive on such a change of variables. The sensitivity is reflected in quantities p, q in (1.5) under the change of variables. For example, if the initial value is given by (4.1)
0, otherwise, then p = 2 and q = 1. After the change of variable, the transformed initial datā
In this section we wish to relate the metastability phenomenon of the canonical solution u * (x, t) to the initial value u 0 (x), via the Cole-Hopf Transformation and the reflection x → −x. First, we consider an initial value with a single sign-change, and we may assume that the sign change occurs at the origin x = 0. Suppose that
Then we can easily check that
The centers α, β given in (3.7) are clearly ordered by α < 0 < β, and we may say that ϕ * (x, t) is the solution of (2.24) with its initial value ϕ *
The weights a, b increase exponentially as µ → 0, and this exponential growth implies the metastability of the Burgers equation translated to the heat equation. From (3.9), we have Φ * (0, 0) = a and Φ * (∞, 0) = a − b, and it is clear from (3.8) that the corresponding initial value for u * is also a summation of Dirac-δ functions centered at α and β. Since
we may conclude that u * (x, t) is the solution of the Burgers equation (1.1) with its initial value −pδ α (x) + qδ β (x) .
In this case the weights a, b are uniformly bounded, regardless of the size of µ > 0 and the metastable phenomenon is not observed.
Next, we consider an initial value with finite number of sign-changes. Again, first let
where k = 0, 1, . . . , n with convention that z −1 = −∞, z 2n+1 = ∞, and
Note that, to keep the consistency with (1.5), we consider p k with the negative sign. After a translation of the initial value we may assume z 2m = 0, 0 ≤ m ≤ n, and
without loss of generality, where p is the invariant variable given by (1.5). Consider
Suppose that p k < p for all k = 2m. Then we can easily see that the summation has a dominant term e p 2m /(2µ) for a small enough µ 1 and, hence, we have
Similarly, the other side of the weighted total mass , z 2m+1 ) , respectively, we can easily see that its centers of mass are ordered by α < 0 < β for µ sufficiently small.
NUMERICAL EXAMPLES
In this section we consider several numerical examples that support and explain the theories and observations in the previous two sections. In the first set of examples we compare diffusive N-waves u * (x, t) and diffusion wavesũ(x, t). These examples demonstrate that u * is a better approximation thanũ is under suitable circumstances. The second set of examples are designed to illustrate the sensitivity of the Cole-Hopf transformation on the change of variables x → −x, which reflects the metastability of the Burgers equation. Throughout this section we continue to use the functions u,ũ, u * , ϕ, Φ,φ,Φ, ϕ * , Φ * and the constants a, b, c, α, β, γ given by (3.1)-(3.9).
Comparison betweenũ and u
* . If the inviscid problem is considered (µ = 0), the quantities p, q in (1.5) are invariant variables, and the solution converges to the N-wave N p,q (x, t). So, if p > 0, q > 0, and µ are small, it seems natural to expect that u * (x, t) be a better approximation thanũ(x, t). Let u(x, t) be the solution of the Burgers equation (1.1) with its initial value u 0 given by (4.1) and ϕ(x, t) be the solution of (2.24) with its initial value (5.1) 
is a function of the viscosity constant µ > 0. Considering (2.30), we see that this ratio measures the the effectiveness of ϕ * overφ for a large time t > 0. In Table 5 .2 centers of mass α, β, positive and negative masses a, b, and the ratio R(µ) in (5.2) are compared with different viscosity constant µ > 0.
In the table we can clearly observe that α ↑ 2π and β ↓ 0 as µ → 0. So it is the case of β < α and, hence, u * (x, t) is defined only after certain amount of time t > T . On the other hand a/b increases exponentially as µ → 0 and, hence, we may guess such a time T becomes smaller (see the proof of Lemma (3.2). We can also observe that R(µ) → 1 as µ → 0. This implies that, for small viscosity constant µ, two different approximations ofũ and u * are almost equivalent. of the diffusion, the size of these humps decreases in time, even though it takes exceptionally long time to get one of them sufficiently small. This reflects the long lasting two-hump structure of a diffusive N-wave of the Burgers equation.
Change of variables

